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We consider the motion of a point-like impurity through a three-dimensional two-component Bose-
Einstein condensate subject to Weyl spin-orbit coupling. Using linear-response theory, we calculate
the drag force felt by the impurity and the associated anisotropic critical velocity from the spectrum
of elementary excitations. The drag force is shown to be generally not collinear with the velocity of
the impurity. This unusual behavior is a consequence of condensation into a finite-momentum state
due to the spin-orbit coupling.
PACS numbers: 67.85.Fg, 03.75.Mn, 05.30.Jp, 67.85.Jk
Degenerate quantum gases of neutral atoms [1, 2], po-
laritons [3] as well as the recently discovered condensation
of light [3] have provided new opportunities for studying
superfluidity. One of the most remarkable manifestations
of superfluidity is that impurities immersed into such sys-
tems propagate without dissipation if their velocities do
not exceed the Landau critical velocity [4]
vc = minq
[
ω(q)
q
]
, (1)
where ω(q) is the spectrum of elementary excitations.
As long as the impurity moves slower than the critical
velocity, the superfluid cannot absorb any of its energy
and therefore the impurity motion is frictionless. Ex-
periments with atomic Bose-Einstein condensates (BEC)
have provided evidence for a critical velocity associated
with emission of elementary excitations [5–9] as well as
more complex excitations like vortices and solitons [10–
14]. Intense theoretical efforts [15–28] have been under-
taken to study the stability of superfluidity and explain
the mechanisms of dissipation in BECs.
Recently, the experimental realization of various syn-
thetic gauge fields including one-dimensional and two-
dimensional spin-orbit coupling (SOC) in quantum
gases [29–32] enabled the prediction of a number of
novel interesting properties in these new types of conden-
sates [31, 33]. Among them is condensation of Bose atoms
at some finite momentum, thus breaking simultaneously
the conventional U(1) gauge symmetry associated with
condensation as well as rotational symmetry. Moreover,
SOC breaks the Galilean invariance of the system [33–
35], making the applicability of the Landau criteria of
superfluidity in the new BECs questionable. This calls
for a better understanding of the critical velocity and
dissipation mechanism of this new superfluid.
In this Letter, we examine superfluidity in a two-
component Bose gas with three-dimensional Weyl SOC
by studying the drag force felt by a moving point-like im-
purity [36]. The Weyl SOC can be realized using power-
ful quantum technology [31]. Here we calculate the drag
force using linear response theory from the elementary
excitation spectrum through the dynamical structure fac-
tor [17]. The drag force demonstrates the presence of an
anisotropic critical velocity. We also find that the drag
force is not generally collinear with the velocity of the
impurity, in stark contrast to a conventional superfluid.
This fact can be used to probe SOC by the scattering of
heavy molecules by the condensate.
The Weyl-type SOC takes its name from a seminal
study by Hermann Weyl [37] predicting fermions with a
high degree of symmetry. Although there is currently no
evidence for Weyl fermions to exist as fundamental par-
ticles in our universe, Weyl-like quasiparticles have been
detected recently in condensed-matter systems [38, 39].
In light of these discoveries, the study of Weyl SOC in
ultra-cold atom systems becomes particularly relevant,
since the ability to manipulate the Weyl-SOC strength
creates interesting opportunities for the discovery of ef-
fects not predicted in the realm of particle physics.
The second-quantized Hamiltonian for the BEC with
a point-like impurity moving with velocity v is
H =
∫
d3rΨ†
[(
−~
2∇2
2m
− µ
)
I + λ~σ ·P
]
Ψ
+
∫
d3r
[g
2
n2 + (g↑↓ − g)n↑n↓ + ginδ(r− vt)
]
.(2)
2Here Ψ(r) = (ψ↑, ψ↓)
T is the two-component condensate
quantum field, I is the 2 × 2 identity matrix, n(r) =
n↑(r) + n↓(r) ≡ ψ†↑ψ↑ + ψ†↓ψ↓ is the density operator, µ
is the chemical potential, λ is the strength of the spin-
orbit coupling, gi is the particle-impurity coupling con-
stant, and the strengths of the intra-species interaction
and inter-species interaction are g and g↑↓, respectively.
For brevity, we set ~ = 2m = 1 from now on.
The time-dependent mean-field Gross-Pitaevskii (GP)
equation found from Eq. (2) reads[
(−i∂t −∇2 − µ)I − iλ~σ · ~∇
]
Ψ0 + gn0Ψ0
+ (g↑↓ − g)
(
n0↓ 0
0 n0↑
)
Ψ0 + giδ(r− vt)Ψ0 = 0. (3)
To proceed, we split the field Ψ0(r, t) = Φ0(r) + Φ(r, t),
where Φ0(r) =
√
n0
2 (1, 1)
T eiK·r is the mean-field so-
lution without the impurity, and Φ(r, t) is the pertur-
bation caused by the impurity. Without loss of gen-
erality, we choose the condensation momentum to be
K = (−λ/2, 0, 0), and the chemical potential becomes
µ = n0(g+ g↑↓)/2−K2. Linearizing GP in Φ, we obtain[(
−i∂t −∇2 +K2 + gn0
2
)
I − iλ~σ · ~∇+ g↑↓n0
2
σx
]
Φ
+
(g↑↓n0
2
σx +
gn0
2
I
)
e2iK·rΦ∗ + giδ(r− vt)Φ0 = 0. (4)
The ansatz Φ(r, t) = eiK·r
∑
q ϕqe
iq·(r−vt) yields[
(−q · v + q2 + 2K2 + 2K · q)I + λ~σ · (K+ q)]ϕq
+
(gn0
2
I +
g↑↓n0
2
σx
)
(ϕq + ϕ
∗
−q) = −gi
√
n0
2
(
1
1
)
.(5)
Combining Eq. (5) with its complex conjugate, we obtain
[Hq − q · v I]


ϕq↑
ϕq↓
ϕ∗−q↑
ϕ∗−q↓

 = −gi
√
n0
2


1
1
1
1

 , (6)
with the matrices
Hq =
(
Mq B
B M∗−q
)
, I =
(
I 0
0 −I
)
. (7)
Here B = gn02 I +
g↑↓n0
2 σx and
Mq = (q
2 + 2K2 + 2K · q)I + λ~σ · (K+ q) +B . (8)
Solving Eq. (6) for ϕq↑ and ϕq↓ , the force acting on the
impurity is found as
F = −
∫
d3rΨ†0
~∇ [giδ(r− vt)] Ψ0 ≡ gi∇|Ψ0(r, t)|2r=vt ,
(9)
≈ gi
√
n0
2
∑
q
iq
(
ϕq↑ + ϕq↓ + ϕ
∗
−q↑ + ϕ
∗
−q↓
)
,
= −g
2
i n0
2
∑
q
iq
∑
ij
([Hq − (q · v + i0+) I]−1
)
ij
.
(10)
The infinitesimal imaginary part was added following the
usual causality rule [17, 20, 40].
According to the fluctuation-dissipation theorem, the
drag force should be related to the fluctuation prop-
erties (i.e., the spectrum of elementary excitations) of
the unperturbed system. This fact will assist us to
analyze the drag force in more detail. We consider
the system without the impurity by setting gi = 0 in
Eq. (2). The partition function of the system can be
conveniently casted as imaginary time field integral [41]
Z =
∫
d[ψ∗σ, ψσ]e
−S[ψ∗
σ
,ψσ] with the action given by S =∫ β
0 dτ
[∫
dr
∑
σ ψ
∗
σ∂τψσ +H(ψ
∗
σ, ψσ)
]
, where τ = it is
the imaginary time. We replace the Bose field with a
static part and a fluctuating part as ψσ = φσ0 + φσ [42,
43]. Within the Bogoliubov approximation, we expand
the action up to quadratic orders in the fluctuating fields,
and approximate the action as S ≈ Seff = S0 + Sg.
Here S0 is the saddle point action containing only the
static fields φσ0, and Sg is the Gaussian action contain-
ing fluctuating fields φσ of quadratic orders. By defining
column vectors Ξq = (φK+q↑, φK+q↓, φ
∗
K−q↑, φ
∗
K−q↓)
T ,
we may write the Gaussian action in a compact form as
Sg =
1
2
∑
q,iwn
Ξ†qG−1Ξq, where q = (q, iwn) with wn =
2nπ/β being bosonic Matsubara frequencies. The inverse
Green’s function is given by G−1(q, iwn) = Hq − iωn I.
Comparison with Eq. (10) yields the drag force in terms
of the Green’s function of the unperturbed system:
F = −g
2
i n0
2
∑
q
iq
∑
ij
Gij(q, iwn → q · v + i0+).(11)
Within Bogoliubov theory, the dynamical structure
factor of the unperturbed system can be evaluated as [42]
S(q, iwn) = N
−1〈δρ(q, iwn)†δρ(q, iwn)〉0
=
∑
i,j
Gij(q, iwn). (12)
Thus the drag force can be also expressed in terms of the
dynamic structure factor:
F = −g
2
i n0
2
∑
q
iqS(q, iwn → q · v + i0+). (13)
The spectrum ωi(q) of elementary excitations is found by
solving Det[G−1(q, iwn)] = 0 with subsequent analytic
continuation iωn → ωi(q). Using this fact, we arrive at
the following expression for the drag force:
F = 2πg2i n0
∑
q
q
4∑
i=1
J(q, ωi(q))δ(q · v − ωi(q))∏
j 6=i [ωi(q) − ωj(q)]
.(14)
Here we used the abbreviation
J(q, iwn) = q
2(iwn + 2λqx)
2 − (q2 + λ2)(q4 + λ2q2x)
−(g − g↑↓)n0(q4 + λ2q2 − λ2q2y) . (15)
Let us first calculate the drag force in the absence of
SOC by setting λ = 0. In this case, the four branches
3of excitations are the Bogoliubov-type modes ω01,2 =
±q√q2 + (g + g↑↓)n0 and ω03,4 = ±q√q2 + (g − g↑↓)n0.
The former is the spectrum of density waves propagating
with the speed of sound c =
√
(g + g↑↓)n0, while the lat-
ter is the spectrum of spin waves. Using these analytical
expressions, we evaluate the sum in Eq. (14) and find
the drag force F0 = vg
2
i n0v(1 − c2/v2)2/(16π)Θ(v − c),
in agreement with Ref. [17]. The drag force in this case
is collinear with the impurity’s direction of motion. Note
also that the lower-lying spin-wave mode is not excited
because the impurity couples only to density waves.
The presence of SOC modifies the above result. Due to
condensation into a finite-momentum state, the ground
state breaks rotational symmetry, and the spectrum of
elementary excitations becomes anisotropic. For our
choice of condensate momentum, the spectrum is invari-
ant under flipping the direction of qy and/or qz , namely
ωi(qx,±qy,±qz) = ωi(qx, qy, qz). As a result, the x-
direction is distinguished from the y and z axes. To be
specific, let’s assume that the impurity moves along the
z axis. We can write δ(q · v − ωi) = δ(q − qz0)/|vz −
∂ωi/∂qz|, where qz0 = hi(qx, q2y) is some function reflect-
ing symmetry properties, and the detailed form of hi is
unimportant for our further analysis. Carrying out the
integration in Eq. (14), one immediately finds that Fy
vanishes and both Fx and Fz survive, by considering the
integration of odd or even functions within a symmetri-
cal interval. This argument can be repeated for different
directions of the velocity yielding an additional contri-
bution to the drag force along the x axis. Therefore, in
addition to the conventional force component along the
velocity vector, a force component along x axis is gener-
ated, due to the asymmetrical excitation spectrum with
regard to x axis. For small spin-orbit coupling, correc-
tions in the drag force brought about by SOC may be
estimated by performing an expansion in the parame-
ter λ. Up to the first non-vanishing order in the SOC
strength, after lengthly but straightforward calculations,
we obtain F = F0 + F‖ + Fx with F‖ ≈ vˆO(λ2) and
FxxˆO(λ3). Evidently, SOC produces an additional drag
along the direction of condensation.
To substantiate the above argument we now calculate
the drag force (14) numerically. For our numerics we
choose gn0 as the energy scale and
√
gn0 as the mo-
mentum scale. Let us first consider simple situations
where the velocity of the moving impurity is along the
x, y and z axes, respectively. Results obtained for these
cases are shown in Fig. 1. When the velocity is along
the x axis, the drag force is also along x axis, and is
asymmetrical between positive and negative direction of
velocity, reflecting the spontaneously broken symmetry
of the ground state with finite condensate momentum in
the negative x direction. It requires more force to drag
the impurity against the direction of condensation than
along with it. When the velocity is along the y axis or
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FIG. 1. (color online) Drag force (measured in units of
g2i n0) experienced by an impurity moving in a Weyl-spin-
orbit-coupled BEC with condensate wave vector parallel to
the negative x direction and g↑↓/g = 1/2. Results for differ-
ent spin-orbit coupling strength λ are given. For the case of
the impurity velocity being parallel to the x axis, only the x
component Fx of the drag force is finite even for λ 6= 0 [panel
(a)]. When the velocity is along the y axis, the drag force has
components along the y axis [panel (b)] and, for finite λ, also
along the x axis [panel(c)]. When the velocity is along the
z axis, the drag force has finite components in the z and x
directions when λ 6= 0 [panels (d) and (e)].
the z axis, the magnitude of force does not change upon
reversing the direction of the velocity. However, it is re-
markable that in both cases a non-vanishing force com-
ponent along the x axis emerges. Fig. 1 also shows that
there exists a critical velocity vc below which there is no
drag force. Its magnitude decreases when the strength of
SOC is increased. We calculated the critical velocity in
three orthogonal planes by examining the lower bound
of the velocity where the drag force becomes nonzero.
These results are presented in Fig. 2. As shown in panel
(a), the critical velocity along the negative x axis remains
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FIG. 2. (color online) Directional dependence of the critical
velocity for an impurity moving in a Weyl-spin-orbit-coupled
BEC with condensate wave vector parallel to the negative x
direction and g↑↓/g = 1/2.
4unchanged as SOC strength is increased, however, it de-
creases significantly along the positive x axis. As can be
seen in panel (b), the critical velocity in the yz plane is
slightly deformed from a circle, signalling the inequiva-
lence between y and z directions.
Let us now examine the drag force in more detail. Fix-
ing the velocity of the impurity to lie in the xy plane
we show the behavior of the corresponding drag force in
Fig. 3. Here we define the azimuth of the drag force to
be φF = arg(Fx + iFy), i.e. the angle in the xy plane,
and the azimuth of the velocity to be φv = arg(vx+ ivy).
In panel (a), the x component for the scaled drag force
Fx has the symmetry of Fx(π − φv) = Fx(π + φv),
namely it has reflection symmetry with respect to the
x axis. The y component Fy entails the symmetry of
Fy(π − φv) = −Fy(π + φv), as indicated in panel (b).
The z component of the drag force vanishes. In panel
(c), we show the difference between the azimuth of the
drag force and the azimuth of the velocity. It is quite
remarkable that the direction of the drag force is not
aligned with the velocity, as is the case in a conventional
superfluid. For a better visualization, we show the force
vector in panel (d), where the arrow sitting on constant
circle of speed indicates the force vector.
Now we fix the velocity vector to lie in the yz plane.
The drag force is shown in Fig. 4. Panel (a) illustrates
that the drag force has an x component that is indepen-
dent of the direction of the velocity within the yz plane
for a fixed small spin-orbit coupling strength λ. For large
λ, Fx oscillates slightly with varying directions of the ve-
locity in yz plane. This inequivalence between y axis and
z axis is due to the breaking of spin-rotational invariance
by the non-linear interaction potential g − g↑↓ 6= 0. In
panel (b), Fy is shown to be symmetric with respect to y
axis while antisymmetric with respect to z axis. In panel
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FIG. 3. (color online) Cartesian components of the drag force
for an impurity moving in the xy plane at azimuthal angle
φv with speed v = 1.5
√
gn0: (a) Fx; (b) Fy. (c) Difference
between the azimuthal angles of drag force and velocity; φF −
φv. (d) Visualization of the drag force for λ = 1.5
√
gn0. Blue
arrows indicate the force vectors for velocities corresponding
to points on the red circle. Here g↑↓/g = 1/2 was assumed.
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FIG. 4. (color online) Cartesian components of the drag
force for an impurity moving in the yz plane with speed
v = 1.5
√
gn0: (a) Fx; (b) Fy ; (c) Fz. (d) Visualization of
the force vector for λ = 1.5
√
gn0. The force vector for dif-
ferent velocity directions is indicated by arrows sitting on the
circle of constant speed. Here g↑↓/g = 1/2 was assumed.
(c), Fz is antisymmetric with respect to y axis and sym-
metric with respect to the z axis. Interestingly, as can
been seen in panel (d), the direction of the force is not
lying in the yz plane, but is tilted towards the x axis.
Results for the case when the velocity vector lies in
the zx plane are shown in Fig. 5. The behavior of the
drag force looks quite similar to the situation when the
velocity is in the xy plane. Panel (a) illustrates that Fx is
symmetric with respect to x axis, while panel (b) shows
that Fz is antisymmetric with respect to the z axis. As
seen in panel (c), the difference of azimuthal angles for
the force and velocity is antisymmetric with respect to
the z axis. In panel (d), the force vector is visualized.
In summary, we have studied the motion of a point-
like impurity in a three-dimensional two-component BEC
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FIG. 5. (color online) Cartesian components of the drag
force for an impurity moving in the zx plane with speed
v = 1.5
√
gn0: (a) Fx; (b) Fz. (c) Difference between the
azimuthal angles of the drag force and the velocity; δφFv ≡
arg(Fz + iFx)− arg(vz + ivx). (d) Visualization of the force
vector for λ = 1.5
√
gn0, with force vectors indicated by ar-
rows sitting on the circle of constant speed in the zx plane.
Here g↑↓/g = 1/2 was assumed.
5with Weyl SOC. We calculated the drag force and the
associated critical velocity. At small SOC strength, we
showed that the drag force can be decomposed into two
parts. One is along the direction of the moving velocity,
and the other one is along the direction of the condensa-
tion momentum. Hence, unlike in non-spin-orbit-coupled
superfluids, the drag force is not generally collinear with
the velocity of the impurity. This unusual feature can be
utilized to probe SOC in bosonic superfluids.
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